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Linear Algebra



What is linear algebra?

• Linear algebra is the branch of mathematics 
concerning linear equations such as
a1x1+…..+anxn=b

– In vector notation we say aTx=b
– Called a linear transformation of x

• Linear algebra is fundamental to geometry, for 
defining objects such as lines, planes, rotations

Linear equation a1x1+…..+anxn=b 
defines a plane in (x1,..,xn) space 
Straight lines define common solutions 
to equations
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Linear Algebra Topics

qScalars, Vectors, Matrices and Tensors
qMultiplying Matrices and Vectors
qIdentity and Inverse Matrices
qLinear Dependence and Span
qNorms
qSpecial kinds of matrices and vectors
qEigendecomposition
qSingular value decomposition
qThe Moore Penrose pseudoinverse
qThe trace operator
qThe determinant
qEx: principal components analysis
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Scalar

• Single number
– In contrast to other objects in linear algebra, 

which are usually arrays of numbers
• Represented in lower-case italic x

– They can be real-valued or be integers
• E.g., let x ÎIR be the slope of the line

– Defining a real-valued scalar
• E.g., letnÎN be the number of units

– Defining a natural number scalar
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Vector

• An array of numbers arranged in order
• Each no. identified by an index
• Written in lower-case bold such as x

– its elements are in italics lower case, subscripted

• If each element is in R then x is in R
• We can think of vectors as points in space
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Matrices

• 2-D array of numbers
– So each element identified by two indices

• Denoted by bold typeface A
– Elements indicated by name in italic but not bold

• A1,1 is the top left entry and Am,n is the bottom right entry
• We can identify nos in vertical column j by writing : for the horizontal

coordinate

• E.g.,

• Ai: is ith row of A, A:j is jth column of A

• If A has shape of height m and width n with real-
values then 𝐴 ∈ 𝑅!×# Slide from S. Srihari 



Tensor

• Sometimes need an array with more than two axes
– E.g., an RGB color image has three axes

• A tensor is an array of numbers arranged on a 
regular grid with variable number of axes
– See figure next

• Denote a tensor with this bold typeface: A
• Element (i,j,k) of tensor denoted by Ai,j,k
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Multiplying matrices
• For product C=AB to be defined, A has to have 

the same no. of columns as the no. of rows of B

– If A is of shape mxn and B is of shape nxp then
matrix product C is of shape mxp

– Note that the standard product of two matrices is 
not just the product of two individual elements

• Such a product does exist and is called the element-wise 
product or the Hadamard product A0B

C = AB ÞC i , j =åAi,kBk,j
k
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Linear transformation

• Ax=b
– where AÎRn´n and bÎRn

– More explicitly

• Sometimes we wish to solve for the unknowns
x ={x1,..,xn} when A and b provide constraints

A11x1+ A12x2+....+ A1nxn= b1
A21x1+ A22x2+....+ A2nxn= b2

An1x1+ Am2x2+....+ An,nxn= bn

n equations in
n unknowns
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Can view A as a linear transformation
of vector x to vector b
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Matrix inverse

• Inverse of square matrix A defined as
• We can now solve Ax=b as follows:

Ax =b
A-1Ax=A-1b

-1
Inx =A b
x =A-1b

• This depends on being able to find A-1
• If A-1 exists there are several methods for 

finding it

A-1A= I
n
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Norms

• Used for measuring the size of a vector
• Norms map vectors to non-negative values
• Norm of vector x=[x1,..,xn]T is distance from origin to x

– It is any function f that satisfies:
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Lp Norm
• Definition:

– L2 Norm
• Called Euclidean norm

– Simply the Euclidean distance 
between the origin and the point x

– written simply as | |x | |
– Squared Euclidean norm is same as xTx

– L1 Norm
• Useful when 0 and non-zero have to be distinguished

– Note that L2 increases slowly near origin, e.g., 0.12=0.01)

– L∞ Norm
• Called max norm

22 +22 = 8 = 2 2
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Special kind of vectors
• Unit Vector

– A vector with unit norm

• Orthogonal Vectors

– A vector xand a vector yare 
orthogonal to each other if xTy=0

• If vectors have nonzero norm, vectors at
90 degrees to each other

– Orthonormal Vectors
• Vectors are orthogonal & have unit norm
• Orthogonal Matrix

– A square matrix whose rows are mutually

orthonormal: ATA=AAT=I 
A-1=AT

–

2
x =1
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Eigenvector

• An eigenvector of a square matrix A is
a non-zero vector v such that 
multiplication by Aonly changes the
scale of v

Av=λv
– The scalar λ is known as eigenvalue

• If v is an eigenvector of A, so is any
rescaled vector sv. Moreover svstill
has the same eigen value. Thus look
for a unit eigenvector

Wikipedia
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Eigendecomposition
• Suppose that matrix Ahas n linearly 

independent eigenvectors {v(1),..,v(n)} with 
eigenvalues {λ1,..,λn}

• Concatenate eigenvectors to form matrix V
• Concatenate eigenvalues to form vector

λ=[λ1,..,λn]
• Eigendecomposition of A is given by

A=Vdiag(λ)V-1
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Effect of eigenvalue and eigenvector

• Example of 2 × 2 matrix
• Matrix Awith two orthonormal eigenvectors

• – v(1) with eigenvalue λ1, v(2) with eigenvalue λ2

Plot of unit vectors uÎU2

(circle)
Plot of vectors Au
(ellipse)

with two variables x1 and x2
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Positive Semidefinite Matrix (PSD)

• A matrix whose eigenvalues are all positive is called
positive definite
– Positive or zero is called positive semidefinite

• If eigen values are all negative it is negative 
definite
– Positive definite matrices guarantee that xTAx≥0

Slide from S. Srihari 



Singular Value Decomposition (SVD)

• Eigendecomposition has form: A=Vdiag(λ)V-1

– If A is not square, eigendecomposition is undefined
• SVD is a decomposition of the form A=UDVT

• SVD is more general than eigendecomposition
– Used with any matrix rather than symmetric ones
– Every real matrix has a SVD

• Same is not true of eigen decomposition
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Probability and Statistics



Probability and Statistics

• Probability Theory
– A mathematical framework for representing 

uncertain statements
– Provides a means of quantifying uncertainty and 

axioms for deriving new uncertain statements
• Use of probability theory in artificial intelligence

• 1.Tells us how AI systems should reason
• So we design algorithms to compute or approximate 

various expressions using probability theory

2.Theoretically analyze behavior of AI systems
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Random Variable

• Variable that can take different values randomly
• Scalar random variable denoted x
• Vector random variable is denoted in bold as x
• Values of r.v.s denoted in italics x or x

– Values denoted as Val(x)={x1,x2}
• Random variable must has a probability distribution

to specify how likely the states are
• Random variables can be discrete or continuous

– Discrete values need not be integers, can be named states
– Continuous random variable is associated with a real value
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Probability Distribution

qA probability distribution is a description of how likely a 
random variable or a set of random variables is to take each 
of its possible states

qThe way to describe the distribution depends on whether it 
is discrete or continuous
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Continuous Variables and PDFs

• When working with continuous variables, we 
describe probability distributions using probability
density functions

• To be a pdf p must satisfy:
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Marginal distribution

qSometimes we know the joint distribution of several 
variables

qAnd we want to know the distribution over some of them
qIt can be computed using
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Conditional probability

• We are often interested in the probability of an event given
that some other event has happened

• This is called conditional probability
• It can be computed using
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Chain rule of conditional probability

• Any probability distribution over many variables can
be decomposed into conditional distributions over
only one variable

• An example with three variables
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Independence and conditional independence

• Independence:
– Two variables x and y are independent if their probability

distribution can be expressed as a product of two factors,
one involving only x and the other involving only y

• Conditional Independence:
– Two variables x and y are independent given variable z, if

the conditional probability distribution over x.    and y 
factorizes in this way for every z
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Common probability distribution

• Several simple probability distributions are 
useful in may contexts in machine learning
– Bernoulli over a single binary random variable
– Multinoulli distribution over a variable with k states
– Gaussian distribution
– Mixture distribution
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Mixture of Distribution
• A mixture distribution is made up of several 

component distributions
• On each trial, the choice of which component 

distribution generates the sample is determined by
sampling a component identity from a multinoulli
distribution:

– where P(c) is a multinoulli distribution

32
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Gaussian mixture model

• Components p(x|c=i) are Gaussian
• Each component has a separately 

parameterized mean µ(i) and covariance Σ(i)
• Any smooth density can be approximated with 

enough components
• Samples from a GMM:

– 3 components
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Bayes’s rule

qBayes' theorem (alternatively Bayes' law or Bayes' 
rule), named after Thomas Bayes, describes 
the probability of an event, based on prior knowledge 
of conditions that might be related to the event.

qFor example, if the risk of health problems is known to 
increase with age, Bayes' theorem allows the risk to an 
individual of a known age to be assessed more 
accurately by conditioning it relative to their age.
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Machine Learning



Major Types of machine learning

qSupervised learning: Given pairs of input-output, learn to 
map the input to output
qImage classification
qSpeech recognition
qRegression (continuous output)

qUnsupervised learning: Given unlabeled data, uncover the 
underlying structure or distribution of the data
qClustering
qDimensionality reduction

qReinforcement learning: training an agent to make decisions 
within an environment to maximize a cumulative reward
qGame playing (e.g., AlphaGo)
qRobot control



Subtypes of supervised ML

qClassification 
qoutput belongs to a finite set
qexample:  age ∈ {baby, child, adult, elder} 
qoutput is also called class or label

qRegression
qoutput is continuous
qexamples:  age ∈ [0,130]

qDifference mostly in design of loss functions



Example: supervised digit recognition

qEasy to collect images of digits with their correct labels

qML algorithm can use collected data to produce a program 
for recognizing previously unseen images of digits

0
1
2
3
4
5
6
7
8
9

image 
data

known 
labels

new image

?
new image

?0
automatically
produced label

4
automatically
produced label



Example: Regression



Supervised ML

q Training phase
- estimate function  y = f(x)  from labeled data 

where f(x) is called classifier, learning machine, prediction function,  etc.

q Testing phase (deployment)
q predict output   f(x)  for a new (unseen) sample x

q We are given 
1. Training examples x1, x2,…, xn

2. Target output for each sample y1, y2,…, yn
labeled data



Training/Testing Phases Illustrated

label 
prediction

training 
labels

training examples

Training

Training

feature 
vectors

feature 
vector

Testing

test Image

Learned 
model f

Learned 
model f



Training phase as parameter estimation

qEstimate prediction function 𝑦 = 𝑓 𝑥 from labeled data

Typically, search for 𝑓 is limited to some type/group of 
functions (“hypothesis space”) parameterized by weights 𝒘
that must be estimated 

𝑓! 𝑥 or 𝑓(𝑤, 𝑥) 𝑤 =?

Goal: find classifier parameters (weights) 𝑤 so that 𝑓(𝑤, 𝑥𝑖) = 𝑦𝑖

“as much as possible” for all training examples,



Loss function

qTraining dataset of I pairs of input/output examples

qLoss function or cost function measures how bad model is:

q𝝓 is also a common notation for weights

<latexit sha1_base64="aYKJls3gxo4H7A6/dQhUn1+H0GU=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQlJJIUTdC0Y3uKtgHNDFMppN26OTBzEQsIR/hxl9x40IRty7c+TdO0gjaemCGc8+9l3vvcSNGhTSML600N7+wuFRerqysrq1v6JtbbRHGHJMWDlnIuy4ShNGAtCSVjHQjTpDvMtJxRxdZvnNHuKBhcCPHEbF9NAioRzGSSnL0AyuxfCSHrpfcp05C08OfcJyHVvafmeltcpU6etWoGTngLDELUgUFmo7+afVDHPskkJghIXqmEUk7QVxSzEhasWJBIoRHaEB6igbIJ8JO8qNSuKeUPvRCrl4gYa7+7kiQL8TYd1VltrGYzmXif7leLL1TO6FBFEsS4MkgL2ZQhjBzCPYpJ1iysSIIc6p2hXiIOMJS+VhRJpjTJ8+S9lHNPK7Vr+vVxnlhRxnsgF2wD0xwAhrgEjRBC2DwAJ7AC3jVHrVn7U17n5SWtKJnG/yB9vEN+gCgCA==</latexit>

{xi,yi}Ii=1

w* =  arg minw Σi L(yi , f(w,xi))



Example: 1D Linear regression

qModel:

qParameters
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= �0 + �1x
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Example: 1D Linear regression training data
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L[�] =
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(f[xi,�]� yi)
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=
IX

i=1

(�0 + �1xi � yi)
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Loss function:

“Least squares loss function”
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Example: 1D Linear regression loss function
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Example: 1D Linear regression loss function



Example: 1D Linear regression loss function



Example: 1D Linear regression loss function



Example: 1D Linear regression loss function



Gradient Descent

qExample: for a function of two variables

update equation for a point 𝝓 = [𝝓𝟎, 𝝓𝟏]

𝜙!

𝜙"

𝐿(𝜙", 𝜙!)

Stop at a local minima where 

𝜙 𝜙$ = 𝜙 − 𝛼∇𝐿



Example: 1D Linear regression training



Example: 1D Linear regression training



Example: 1D Linear regression training



Example: 1D Linear regression training



Example: 1D Linear regression training



Possible objections

qBut you can fit the line model in closed form!
qYes – but we won’t be able to do this for more complex models

qBut we could exhaustively try every slope and intercept 
combo!
qYes – but we won’t be able to do this when there are a million 

parameters



Example: Linear Classification

qFor example: fish classification - salmon or sea bass?
qextract two features, fish length and fish brightness

qyi is the output (label or target) for example xi

salmon salmonsea bass sea bass

x1 x2                   x3            x4ú
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4.6

y1=0          y2=1 y3 = 0        y4=1

feature 
vector

individual 
features
e.g. fish length
and brightness



Linear classifier example: perceptron
m-dimensional 
feature vector xi

with m components

+

w1

w2

w3

w4

wm

… weighted
sum     

x2

x4

…

xm

x1

x3

sub-indices are for 
feature components
while
super-indices are for
data points (feature vectors) NOTE: for simplicity, we omit 

super-indices (or sub-indices) 
assuming the context is “clear”

binary
decision
(sign function)

f(w,xi)
inspired by neurons

more on the next slides

label

Frank Rosenblatt, 1958

w0“bias”



Linear classifier example: perceptron
For two class problem and 2-dimensional data (feature vectors)

salmon x1

x2

w0+w1x1+w2x2

Is it possible to find a linear transformation onto 1D so that 
transformed 1D points can be separated (by a threshold)?

points of
two classes

can be
completely 

mixed

Question:

consider some
linear transformation
from 2D space to 1D

xi

xj



Linear classifier example: perceptron
For two class problem and 2-dimensional data (feature vectors)

salmon x1

x2

w0+w1x1+w2x2* * *

“good” 
linear transformation
from 2D space to 1D

good 
separation
by simple
threshold

0

Is it possible to find a linear transformation onto 1D so that 
transformed 1D points can be separated (by a threshold)?

Question:Answer:
In this case, YES, because the data is linearly separable 
in the original feature space. So, what is the transformation?

xi

xj

NOTE
can always shift 
threshold to 0 

using weight w0



Linear classifier example: perceptron
For two class problem and 2-dimensional data (feature vectors)

salmon x1

x2

(w1,w2) – are the coordinates of the normal
w0 – is “bias” (shifting threshold to 0) 

* * *

This 2D →1D linear transformation is a projection onto the 
normal of the separating hyper-plane.

“good” 
linear transformation
from 2D space to 1D

Answer:

w0+w1x1+w2x2

w = (w0,w1,w2) 

good 
separation
by simple
threshold

0



Linear classifier example: perceptron
For two class problem and 2-dimensional data (feature vectors)

salmon x1

x2

* * *

In fact, any 2D →1D linear transformation w = (w0,w1,w2) is  
a projection onto normal of some hyper-plane. So, original 
question really asks if there is a hyper-plane separating data.

“good” 
linear transformation
from 2D space to 1D

w0+w1x1+w2x2

(w1,w2) – are the coordinates of the normal
w0 – is “bias” (shifting threshold to 0) 

w = (w0,w1,w2) 

good 
separation
by simple
threshold

0



Linear classifier example: perceptron
For two class problem and 2-dimensional data (feature vectors)

salmon x1

x2

w0+w1x1+w2x2
good 

separation
by simple
threshold

* * *

“good” 
linear transformation
from 2D space to 1D 1

0

f(w,x)  =  u (w0+w1x1+w2x2) f(w,x) ϵ {0,1}thresholding
can be formally
represented by this
prediction function

0

1

0

u(t)

t
unit step function
(a.k.a. Heaviside function)

label

label



salmon

bass

Linear classifier example: perceptron
For two class problem and 2-dimensional data (feature vectors)

x1

x2
f(w,x)  =  u (w0+w1x1+w2x2)

decision boundary

decision regions

• Classifier that makes decisions based on linear 
combination of features is called a linear classifier

Can use this function to 
classify any (new) point. 

1
0

• Can be generalized to feature vectors x of any dimension m :
for                                     and

homogeneous representation 
of feature vector x

“bias”



Linear Classifiers

classification error 38% 

bad w

x1

x2

x1

x2

better w

classification error 4% 

w = (w0,w1,w2) w = (w0,w1,w2) 

projected points onto
normal line are all mixed-up

projected points onto
normal line are well separated



Underfitting

qClassifier underfits the data if it can produce decision 
boundaries that are too simple for this type of data

- chosen classifier type (hypothesis space) is not expressive enough

For some types of data
no linear decision boundary 

can separate the samples well



More complex (non-linear) classifiers

qfor example, if f(w,x) is a polynomial of high degree
qcan achieve 0% classification error 

x2

x1



More complex (non-linear) classifiers

qThe goal is to classify well on new data
qTest “wiggly” classifier on new data: 25% error

x1

x2



Overfitting

q Amount of data for training is always limited
q Complex model often has too many parameters             

to fit reliably to limited data
q Complex model may adapt too closely to “random noise” 

in training data, rather than look at a “big picture”

x2

x1



Overfitting: Extreme Example

qTwo class problem:  face and  non-face images

qMemorize (i.e. store) all the “face” images

qFor a new image, see if it is one of the stored faces
qif yes, output “face” as the classification result
qIf no, output “non-face”

qproblem:
qzero error on stored data, 50% error on test (new) data
qdecision boundary is very irregular

qSuch learning is memorization without generalization

slide is modified from Y. LeCun



Generalization
training data

q Ability to produce correct outputs on previously unseen examples 
is called generalization

q Big question of learning theory: how to get good generalization 
with a limited number of examples

q Intuitive idea: favor simpler classifiers
q Simpler decision boundary may not fit ideally to training data but 

tends to generalize better to new data

new data



Underfitting → Overfitting

underfitting “just right” overfitting

q high training error
q high test error

q low training error
q low test error 

q low training error
q high test error 


